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Due to the charge neutral and localized nature of surface Majorana modes, detection schemes
usually rely on local spectroscopy or interference through the Josephson effect. Here, we theoretically
study the magnetic response of a two-dimensional cone of Majorana fermions localized at the surface
of class DIII Topological Superconductors. For a field parallel to the surface the Zeeman term
vanishes and the orbital term induces a Doppler shift of the Andreev levels resulting in a tilting of
the surface Majorana cone. For fields larger than a critical threshold field H∗ the system undergoes a
transition from type I to type II Dirac-Majorana cone. In a spherical geometry the surface curvature
leads to the emergence of the Majorana spin connection in the tilting term via an interplay between
orbital and Zeeman, that generates a finite non-trivial coupling between negative and positive energy
states. Majorana modes are thus expected to show a finite response to the applied field, that acquires
a universal character in finite geometries and opens the way to detection of Majorana modes via
time-dependent magnetic fields.
I. INTRODUCTION
Majorana particles are charge neutral fermions and as
such they do not couple to the electromagnetic field1.
In solid state systems2 they are formed as zero en-
ergy equal superposition of particle and hole states, lo-
calized at a vortex core3 or at the boundary of topo-
logical superconductors4,5. Majorana fermions consti-
tute a particular class of topologically protected surface
states appearing at the boundary of topological states of
matter6–10, and they represent one of the basic resources
in topological quantum computation11,12. Majorana
states localized at the surface of two-dimensional (2D)
and three-dimensional (3D) topological superconductors
form modes that fill the entire gap13–15. In class DIII
topological superconductors in D = 3 dimensions16–20,
Majorana modes form a time-reversal invariant (TRI)
Dirac cone in the basis of Majorana Kramers partners.
A novel class of material based on doped Bi2Se3 Topo-
logical Insulators (TI)6,9,21–24 has been suggested as a
candidates that may realize odd-parity, TRI topological
superconductivity25–32. Due to their charge neutrality
and localized character, most of the theoretical propos-
als and the experimental efforts to detect Majorana states
have focused on local spectroscopy, Josephson effect, and
interferometry, as a proof of their existence33,34. Besides,
surface Majorana modes are expected to produce a strong
anisotropy in the spin suscepibility35.
In this work we study the coupling of a 2D cone of
Majorana fermions localized at the surface of a class
DIII topological superconductors to an externally ap-
plied magnetic field. Meissner screening fixes the rele-
vant field orientation to lay in the surface and the sys-
tems responds with a supercurrent. The latter gives rise
to a Doppler shift of the energy levels, that results in a
tilting of the Majorana cone along the supercurrent di-
rection. Upon increasing the external field a threshold
field, H∗, is reached for which the dispersion becomes
flat along the tilting direction and the Majorana cone
experiences a structural change from type I to type II
Dirac-Majorana cone36,37. The H∗ is upper bounded by
the thermodynamic critical fieldsHc, and for field smaller
than H∗ the system is not expected to respond to the
field. For highly doped small band-gap Dirac insulators
hosting odd-parity SC, such as the A1u phase predicted
in Bi2Se3
25, H∗ can lie within the Meissner phase, thus
making accessible the type II Dirac cone regime.
In systems characterized by a finite surface curvature
the triplet nature of the pairing leads to an additional
non-trivial coupling of geometric origin to the external
orbital field. The tilting term, involving only the mo-
mentum operator on a flat surface, necessarily leads to
the emergence of the Majorana spin connection on curved
space and adds to the Zeeman term, both involving the
spin density operator perpendicular to the surface. The
external field thus generates a finite coupling between
occupied and empty states and a Majorana-photon cou-
pling thus appears on curved surfaces, allowing detection
of surface Majorana states by application of time depen-
dent magnetic field. Our findings acquires a universal
character in finite geometries characterized by a non-zero
curvature and open the way to detection and manipula-
tion of Majorana states via electromagnetic fields.
II. THE SYSTEM
We start our analysis by considering a generic ex-
ample of class DIII topological superconductors, the
Balian-Werthamer (BW) state38, that describes time-
reversal invariant triplet pairing of the form (p · s)isy.
The mean field Hamiltonian in the Nambu basis ψk =
(ck↑, ck,↓, c
†
−k,↓,−c†−k,↑)T , with ck,s a fermionic state
of momentum k and spin s, takes the form H =
1
2
∑
k ψ
†
kHBW(k)ψk, where the Bogoliubov de Gennes
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2(BdG) Hamiltonian is given by
HBW = τz
(
p2
2m
− F
)
+
∆
~kF
τxp · s, (1)
with m the effective mass of the electrons, F the Fermi
energy, kF =
√
2mF /~ the Fermi momentum, s the
vector of spin Pauli matrices, τi Pauli matrices in the
particle-hole Nambu space, and ∆ the mean-field value
of the pseudoscalar order parameter describing the BW
state. The BdG Hamiltonian Eq. (1) is time-reversal in-
variant, with T = isyKˆ and Kˆ complex conjugation, and
it has a full bulk gap of size ∆ on the Fermi surface.
A surface Majorana-Dirac cone is found by studying
the subgap spectrum of the confined problem. By con-
fining the system in the region z > 0, a zero energy Majo-
rana Kramers pair is found at kx = ky = 0. Introducing
the coherence length of the superconductor ξ = ~vF /∆
(with vF = ~kF /m), the unnormalized wavefunction in
the limit kF ξ  1 is given by
φs(z) = |s〉(|+〉τ + is|−〉τ )e−z/ξ sin(kF z), (2)
where τz|±〉τ = ±|±〉τ , sz|s〉 = s|s〉. For k 6= 0 we
project the Hamiltonian Eq. (1) onto the surface states
|φs〉 and obtain an effective surface Hamiltonian valid for
energies below the gap
H0k = ~v∆(kxsy − kysx), (3)
with v∆ = ∆/~kF , that represents a massless Dirac-
Majorana Hamiltonian describing the surface physics.
III. COUPLING TO A MAGNETIC FIELD
The magnetic field is introduced in Eq. (1) by minimal
coupling substitution, p → p + eAτz in the kinetic en-
ergy, and the gap acquires a dependence on the position.
For weak magnetic field in the Meissner regime the vector
potential and the gap change over distances on order of
the penetration depth λ and the electromagnetic proper-
ties of the pseudoscalar order parameter ∆ are similar to
those of a scalar s-wave order parameter38–40. We then
assume a constant hard gap that is not affected by the
magnetic field. Neglecting the diamagnetic A2 term the
coupling to the magnetic field reads
HB = e
2m
(p ·A+A · p) + 1
2
gµBs ·B, (4)
both for particles and holes, where the second term de-
scribes Zeeman coupling to the total induction field B =
∇×A, with g the electron g-factor and µB the Bohr mag-
neton. The BdG Hamiltonian transforms under Particle-
Hole (PH) symmetry as U†CH∗(−k, H)UC = −H(k, H),
with UC = syτy. Consequently, the spectrum has the
following symmetry n(k, H) = −n(−k, H).
When an external field H is applied to the system
Meissner screening forces the external field to lay in the
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FIG. 1. Evolution with the field of the spectrum on a cylin-
drical geometry for the case kz = 0 versus angular momentum
`z = jz − 1/2. The applied field is H = 0 in a), H = H∗ in
b) and H > H∗ in c) and it exponentially decays towards the
center of the cylinder on a scale λ = 0.06 R. PH symmetry
requires that n`z (H) = −n−`z−1(H).
plane defined by the surface of the system. The Zeeman
term involves then only in-plane spin components, whose
matrix elements on the states Eq. (2) are zero. In the
Landau gauge the vector potential corresponding to the
bulk screened field reads A = (0, Hλe−z/λ, 0), with the
field B pointing about the x-direction. Having no left
structure in spin and particle-hole space, the projection
onto the Majorana cone of HB can only amount to a
diagonal momentum-dependent term,
Hk = ~v∆(kxsy − kysx) + ~vHky, (5)
where the field-induced velocity is given by vH =
e〈Ay〉/m ' eAy(0)/m = eHλ/m, in the limit kF ξ  1,
and 〈. . .〉 stands for the expectation value on the Ma-
jorana wavefunction Eq. (2). This term describes a
Doppler shift of the energy of the Majorana modes due
to the superfluid velocity generated by the field and ac-
counts for the Galilean transformation of the energy lev-
els from the comoving to the lab frame41. The result is
a tilting of the bands described by the energy dispersion
k,± = ~vHky ± ~v∆k. Upon increasing the field the tilt-
ing becomes more and more pronounced, until a thresh-
old field is reached, where one of the two energy branches
becomes flat at the Landau critical velocity vH = v∆,
H∗ = η
Φ0
piξλ
= ηHc. (6)
In the second equality we express the threshold field
in terms of the thermodynamic critical field Hc =
Φ0/(2piξλ)
41. For type II superconductor Hc lays
between the lower and upper critical fields, Hc1 <
Hc < Hc2, with Hc1 = Φ0/(4piλ
2) log(λ/ξ) and Hc2 =
Φ0/(2piξ
2), respectively41. At H = H∗ the Majorana
cone becomes flat along the line kx = 0 and a transi-
tion from type I to an overtilted type II Dirac-Majorana
cone takes place, that is characterized by a formally di-
verging number of states at zero energy. In Fig. 1 we
plot the band structure of the Hamiltonian Eq. (7) in a
3cylindrical geometry with a screened field. From left to
right the field is increased from H = 0 to H > H∗ and
the tilting of the bands is evident, thus confirming the
prediction of the low energy model. The parameter η in
Eq. (6) is the ratio of the actual Majorana velocity v∆
and ∆/~kF , and it captures the discrepancy between the
actual Hamiltonian and the BW state Eq. (1) (η = 1 for
the BW state).
A. Odd-parity superconductor
A relevant example is represented by odd-parity su-
perconductors realized in doped TI, like Bi2Se3, or small
band-gap doped Dirac insulator. These systems are de-
scribed by the BdG Hamiltonian25
H = τz(EGσx + vσz(kxsy − kysx) + vzkzσy) + ∆τxσysz,
(7)
where σi are Pauli matrices spanning the subspace of
two orbitals with pz-like symmetry, EG is the insulating
band-gap, and v the Dirac velocity. The BW Hamilto-
nian Eq. (1) can be seen as the low energy limit of the
Hamiltonian Eq. (7) and can be obtained upon projection
on the conduction band. Introducing euclidean Dirac ma-
trices, γµ = (γ0, γ1, γ2, γ3) = (σx,−σysy, σysx, σz) and
γ5 = σysz, and assuming isotropic velocity v, minimal
coupling substitution p→ p+τzA produces the coupling
term HA = −ievγ0γiAi. Defining H0 = τz(EGγ0 − µ),
Hp = −ivγ0γipiτz, and H∆ = ∆τxγ5, the projected cou-
pling is given by
H˜ = HBW +Hp·A +HZ , (8)
where HBW = 〈ψc|H0 − HpH−10 Hp − H∆H−10 Hp|ψc〉 is
the BW state Hamiltonian Eq. (1) with |ψc〉〈ψc| con-
duction band projector, m = (µ + EG)/2v
2 and kF =
(µ + EG)/2v, Hp·A is given by the first term in Eq. (4)
in the a gauge for which ∇ ·A = 0, and HZ = g∗µBsiBi
is the Zeeman term with the effective g-factor g∗ =
me/m + gBi2Se3/2, me the bare electron mass, and we
have included the material g-factor. Importantly, no cou-
pling between the gap matrix and the vector potential
arise at second order, 〈ψc|HAH−10 H∆|ψc〉 = 0. The ve-
locity of the Majorana modes derived from Eq. (7) is
v∆ ' vEG∆/µ242. Upon identifying m = µ/2v2, one has
η = EG/µ. Thus, by increasing the chemical potential µ
it is possible to shift H∗ in the Meissner regime.
In a upcoming work43 we will show that for fields larger
than the threshold field, H > H∗, the surface Majorana
modes carry a finite current that contributes to Meiss-
ner screening and gives rise to an additional surface dia-
magnetic moment, that can be detected in orbital mag-
netic susceptibility measurements. The analysis so far
presented fully makes sense for weak H∗ (η  1) in
the Meissner phase, where the bulk completely expels
the external field. For η ∼ 1 vortices start to enter the
system before H∗ is actually reached. In this case, the
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FIG. 2. Sketch of the surface Andreev states of the BW states
in a spherical geometry. a) Surface Majorana cone without
magnetic field, b) effect of the matrix elements Eq. (13) on
the spectrum. Large values of the external field have been
chosen to highlight the effect.
field can be assumed constant, Ay = −Hz, and the tilt-
ing field shifts to Hc2 = Φ0/(piξ
2), for which supercon-
ductivity is completely destroyed. Besides, the applica-
tion of high fields may make favourable the condensation
of other possible multicomponent superconducting order
parameters44, that due to the unconventional character
of the pairing are expect to affect the magnetic phase
diagram, and the entire analysis ceases to be valid.
IV. CURVATURE EFFECTS
We now study the modification of the Majorana cone
in curved, finite size geometries. For simplicity, we will
set η = 1 in the following. In cylindrical and spheri-
cal geometry it is possible to choose the self-consistent
vector potential to have only non-zero azimuthal compo-
nent A = φˆAφ(r), with ∇ ·A = 0. The coupling to the
magnetic field can be written as
HB = e
m
Aφ(r)pφ + g
∗µBB(r) · s. (9)
Both in cylindrical and spherical geometries the z-
component of the total angular momentum Jˆz = Lˆz +
~sz/2, with Lˆz = −i~∂φ the z-component of the orbital
angular momentum Lˆ, is a constant of motion and the
spectrum can be labeled by jz. On the cylinder we find
that the surface Hamiltonian is given by the counter-
part of Eq. (5) for the surface of the cylinder (results not
shown).
On a sphere of radius R, H commutes with Jˆ2, Jˆz,
and C = τz(s · Lˆ + ~), with eigenvalues j(j + 1)~2, jz~,
and κ = ±(j + 1/2)~. Thanks to {C,Θ} = 0, with
Θ = τyT the particle-hole symmetry operator, the sign
of κ can be chosen to label the sign of the eigenener-
gies. In turn, [C, sz] 6= 0 implies that sz can generate
finite matrix elements between the positive and negative
4energy states. Writing pφ = ~(jz − sz/2)/(r sin θ) and
Aφ(r) = A(r) sin θ, for large jz the spectrum is given by
±j,jz = ±
∆
kFR
(j + 1/2) + jz
~eλH
mR
for |jz|  1/2.
(10)
In absence of the external field every state labeled by
j is 2j + 1 degenerate, corresponding to the values of
jz, with |jz| ≤ j (see Fig. 2a)). As for the planar and
cylindrical geometry the field produces a tilting of the
spectrum and a threshold field H∗ arises, whose value
agres well with Eq. (6) (see Appendix Sec. C). For small
jz the role of the spin becomes important and both the
orbital and Zeeman term act as relevant perturbations
to the Majorana modes. The surface contribution of the
Zeeman term reads
HZ = g∗µB 3H
2
[
sin θ θˆ − λ
2R
cos θ rˆ
]
· s (11)
The polar term acts in-plane and its matrix elements are
negligible (see Appendix Sec. C 2), so that the relevant
perturbation provided by the magnetic field reads
HB = −µBA(r)
r
(sz − 2g∗ cos θ rˆ · s) . (12)
This term is even under parity so that it generates fi-
nite matrix elements between states that differ by an odd
number of angular momentum quanta. In particular, it
generates matrix elements between states of positive en-
ergy and quantum numbers (j, jz) and states of negative
energies and quantum numbers (j±1, jz). A partial can-
celation takes place between the orbital term and part of
the Zeeman term and the net matrix elements read (see
Appendix Sec. C 3)
〈Ψ+j,jz |HB |Ψ−j±1,jz 〉 =
g˜µBA(R)
R
√
(j + 1/2± 1/2)2 − j2z
j + 1/2± 1/2 ,
(13)
with A(R) = 3Hλ/2 on the sphere surface and g˜ =
g∗ − 1/2. Analogously, the Zeeman term, whose rele-
vant component is sz, has similar finite matrix elements
and couples to the Majorana cone. It becomes clear that
the orbital magnetic field adds to the Zeeman term and
acts as a relevant perturbation that opens a gap in the
Majorana cone. The resulting spectrum without the tilt-
ing term is shown Fig. 2b). The magnetic field increasing
the splitting between positive and negative energy states,
as a result of a non-trivial coupling.
A. Majorana Spin Connection
The matrix elements Eq. (13) hide a profound geo-
metric origin. The Majorana modes in absence of the
field satisfy a 2D Dirac equation, that on a planar met-
ric is given by Eq. (3). Introducing Dirac matrices
γi ≡ (γ0, γ1, γ2) = (−isz, sy,−sx), the two-component
Majorana spinor ψ satisfies the Dirac equation on a flat
Minkowski space γi∂iψ = 0. Parallel transport on the
surface of a sphere dictates the way the derivative ∂i be-
comes replaced by the covariant derivative Dµ = ∂µ+Γµ.
The spin connection, related to the intrinsic curvature of
the metric, necessarily emerges at the boundaries of a
TSC, and the Majorana spinor satisfies the Dirac equa-
tion on the curved space-time S2 ×R45–47,
γµ(∂µ + Γµ)ψ = 0, (14)
where γµ = γie µi are rotated Dirac matrices satisfy-
ing {γµ, γν} = 2gµν , where the curved metric gµν =
ηije
i
µe
j
ν replaces the Minkowski metric ηij via the
tetrads eiµ ≡ ∂xi/∂xµ. The spin connection Γµ is given
by i2Γ
i j
µ Σij , where Σij =
i
2 [γi, γj ] are the generators
of the spinorial representation of the Lorentz group, and
the connection coefficients are given by Γi jµ = e
i
ν∇µejν .
On the surface of the sphere the metric takes the form
gµν = diag(−1, R2, R2 sin2 θ) and by reading off the
tetrads the spin connection is found to be
Γµ = − i
2
s3 cos θ δ2µ. (15)
The resulting Dirac Hamiltonian on the surface of the
sphere takes the form48,
H0surf =
∆
kFR
(
−is2
(
∂θ +
cot θ
2
)
+ i
s1
sin θ
∂φ
)
, (16)
and it gives rise to a spectrum analogous to that shown
in Fig. 2a), whose exact analytical form can be found in
Ref.48 (see also the Appendix D). Due to the presence
of the spin connection the Dirac equation on a curved
surface has no zero eigenvalues.
It is clear that finite matrix elements between positive
and negative energy states of the Hamiltonian Eq. (16)
can only arise via the third Pauli matrix s3 and that it
is reasonable to conclude that in a curved geometry the
vector potential has to couple to the spin connection. Al-
ternatively, one may wonder how the Dirac Hamiltonian
Eq. (5), describing the coupling of a Majorana spinor to a
magnetic field that lays on the surface, changes when the
surface acquires a finite curvature. On a flat Minkowski
space with a in-plane magnetic field B = ∇×A pointing
about the x direction we can write Eq. (5) as(
γi + γ0ai
)
∂iψ = 0, (17)
where ai = emv∆ 〈Ay〉δiy and the only non-zero component
of Ai is fixed to lay in the plane, orthogonally to the
magnetic field. The Majorana equation on the surface of
the sphere is then obtained by introducing the covariant
derivative (
γµ + γ0aµ
)
(∂µ + Γµ)ψ = 0, (18)
where, analogously to γµ, we have aµ = aie µi . Writing
aφ = emAφ(R)/(R sin θ) with Aφ(R) = A(R) sin θ, it fol-
lows that the Dirac Hamiltonian acquires a non-trivial
5term due to the coupling to the magnetic field
Hsurf = H0surf +
∆
kFR
H
H∗
(
−i∂φ − s3
2
cos θ
)
. (19)
we see that the spin connection introduces the relevant
perturbation s3 cos θ. Introducing the half-integer total
angular momentum eigenvalues l = 1/2, 3/2, . . ., with
projection along the polar axis m = −l, . . . , l, the eigen-
values of the Dirac operator Eq. (16) read  = ±(l+1/2).
Eigenfunctions can be written in terms of Jacobi polyno-
mials and can be labeled by l, m, and the σ = sign(λ),
|Υσlm〉. The spin connection then gives rise to the follow-
ing matrix elements (see Appendix D)
〈Υ+lm|s3 cos θ|Υ−l′m′〉 = iδmm′
√
(l + 1)2 −m2
2(l + 1)
δl′,l+1
− iδmm′
√
l2 −m2
2l
δl′,l−1, (20)
Upon identifying (l,m) with (j, jz) we clearly see that
the Majorana spin connection reproduces the matrix ele-
ments Eq. (13), that generate transitions between empty
and occupied states differing by one unit of angular mo-
mentum, l′ = l ± 1, and give rise to a finite response to
the applied field.
V. CONCLUSIONS
We studied the coupling of a cone of Majorana modes
localized at the surface of a class DIII topological super-
conductor to an externally applied magnetic field. Upon
taking account of Meissner screening and the associated
supercurrent flow we found a Doppler-shift mediated tilt-
ing of the Majorana cone that mirrors the entire spec-
trum modification. On a spherical geometry the surface
curvature allows for a relevant coupling that is mediated
by both the orbital and Zeeman terms and leads the
emergence of the Majorana spin connection. The effect
acquires a universal character in finite size systems that
are topologically equivalent to the sphere. Our findings
open the way to detection and manipulation of Majorana
modes with time-dependent magnetic fields.
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FIG. 3. Screened full induction field B associated to the
Meissner effect for R = 10λ.
Appendix A: Geometry dependent screening
We consider the screening of an external field H by
a type II superconductors of spherical geometries. In
general we have to solve a boundary problem, inside
the boundary the vector potential A has a mass term
1/λ2 and outside the boundary the mass term is zero.
The vector potential can always be chosen to satisfy
∇ · A = 0. We can choose the vector potential to be
purely azimuthal, A = φˆAφ(r). We then have to solve
the following equation
∇×∇×A =
{ − 1λ2A r < R,
0 r > R,
(A1)
with the requirement that the vector potential at suffi-
ciently long distance from the sphere behaves as
lim
rR
(Ar, Aθ, Aφ)→
(
0, 0,
Hr
2
sin θ
)
. (A2)
We write Aφ = f(r) sin θ for r ≤ R, and Aφ = g(r) sin θ
for r > R. Continuity of the magnetic induction field
h = ∇ × A at r = R requires that f(R) = g(R) and
f ′(R) = g′(R). For r < R the function f(r) has to
satisfy
f
λ2
=
∂2f
∂r2
+
2
r
∂f
∂r
− 2f
r2
, (A3)
whose solution reads Af(r), with
f(r) = Im [y−2(ir/λ)] (A4)
and yν(z) a spherical Bessel function of the second kind.
For r > R the solution is
g(r) =
Hr
2
+
C
r2
, (A5)
6with A and C real coefficients. By matching the solutions
at r = R we find
A = H
3R
2(2f(R) + f ′(R)R)
, (A6)
C = H
R3(f(R)−Rf ′(R))
2(2f(R) + f ′(R)R)
. (A7)
The full induction field B = ∇×A then reads
B =

A cos θ 2f(r)r rˆ−A sin θ
[
f(r)
r + f
′(r)
]
θˆ r < R,
cos θ 2g(r)r rˆ− sin θ
[
g(r)
r + g
′(r)
]
θˆ r > R,
(A8)
where rˆ and θˆ are unit vectors along the radial
and polar directions, respectively. Approximating the
−Im [y−2(iz)] = ez/(2z) it follows that the field for
r −R→ 0− reads
B ' 3H
2
[
sin θ θˆ − λ
2R
cos θ rˆ
]
. (A9)
The full induction field is plotted in Fig. 3. We see that
the field at the equator is parallel to the surface of the
sphere and it has full strength ∼ H, whereas at the poles
it is orthogonal to the surface and it has its strength
reduced by a factor λ/R due to Meissner screening.
Appendix B: BW state on the sphere
We now study a purely finite size system on a sphere
geometry. The BdG Hamiltonian is nothing more than
the relativistic Dirac equation with a mass term that
depends on momentum, p2/2m − F , and the resulting
second order differential equation for a spherical bound-
ary can be easily solved by recalling the relativistic cen-
tral force problem. The subgap spectrum is found by
imposing the wavefunction to be zero at the boundary,
ψ(R) = 0.
The problem can be reduced to a set of two cou-
pled equations for the radial part of the wavefunction.
It is possible to form a set of observables that com-
mute with the Hamiltonian, Jˆ2, Jˆz with quantum num-
bers j = 1/2, 3/2, . . . and |jz| ≤ j, and the operator
Kˆ = τz(s · Lˆ + ~), with eigenvalue −~κ, where Lˆ is the
orbital angular momentum operator. The operator Kˆ
plays an important role, in that it divides the spectrum
in positive and negative energy eigenstates, according to
the sign of κ = ±(j + 1/2). Thus, we denote the eigen-
states of the Hamiltonian as |Ψαj,jz 〉, with α = sign(κ).
Separately, the electron and hole wavefunction are
eigenstates of Lˆ2, with quantum numbers le and lh, re-
spectively. The wavefunction is written as
Ψ =
(
f(r)Yjzj,le(θ, φ),
g(r)Yjzj,lh(θ, φ),
)
(B1)
with Yjzj,l(θ, φ), normalized spin-angular function. For a
given eigenvalue j = 1/2, 3/2, . . ., the operator K has
eigenvalues −~κ, with κ = ±(j + 1/2). The spin-angular
function are eigenstates of Lˆ with eigenvalue l, and it
follows that for κ = j + 1/2 we have that le = j + 1/2
and lh = j− 1/2, whereas for κ = −j− 1/2 we have that
le = j − 1/2 and lh = j + 1/2. The relevant spin-angular
wavefunction describing electron and hole components
then read
Yjzj,j∓1/2 =
 ±√ j+1/2±jz∓1/22j+1∓1 Y jz−1/2j∓1/2√
j+1/2∓jz∓1/2
2j+1∓1 Y
jz+1/2
j∓1/2
 . (B2)
The problem is thus reduced to a coupled set of equations
for the f and g functions. Defining L±κ = (∂r ∓ κ/r) we
can cast the problem in the form(
− ~22mDκ − µ− E i~v∆L+κ−1
i~v∆L−κ+1 µ+ ~
2
2mDκ−1 − E
)(
f
g
)
= 0
(B3)
where we have defined Dκ = ∂
2
r + (2/r)∂r − κ(κ+ 1)/r2,
that satisfies Dκ ≡ L+κ−1L−κ+1 and Dκ−1 = L−κ+1L+κ−1.
Introducing the spherical Bessel functions of the first kind
jn(x) =
√
pi
2xJn+1/2(x), with Jn+1/2 is a Bessel function
of the first kind and n integer, and recalling the recur-
rence properties of the spherical Bessel functions
L−n+1jn(qr) = qjn−1(qr), (B4)
L+n jn(qr) = −qjn+1(qr), (B5)
the eigenfunctions are given by spherical Bessel functions
f = Ajκ(kr) and g = Bjκ−1(kr). We can compactly
write the wavefunction as
Ψαj,jz =
(
Aflαe (r)Yjzj,lαe (θ, φ)
Bglαh (r)Y
jz
j,lαh
(θ, φ)
)
. (B6)
The action of the operator Kˆ on these states is
Kˆ
∣∣Ψαj,jz〉 = −α(j + 1/2) ∣∣Ψαj,jz〉.
For the positive energy eigenstates we have κ = j +
1/2 ≡ `, le = ` and lh = ` − 1, so that we can write
f(r) = Aj`(kr) and g(r) = Bj`−1(kr), in terms of spher-
ical Bessel functions. The wavevector k is given by the
solution of the determinantal equation
2 −
(
F − ~
2k2
2m
)2
− ~2v2∆k2 = 0, (B7)
with A = iv∆kB( + F − ~2k2/(2m))−1. For a given
energy  within the superconducting gap, || < ∆, the
possible values of k for which the wavefunction vanishes
at the origin r = 0 are given by
k± = ±kF + i
√
2
ξ
√
1− 
2
2∆2
. (B8)
The decaying length of these states in the bulk is the
superconducting coherence length ξ = ~vF /∆, with vF =
7~kF /m, satisfying kF ξ = 2F /∆  1. By imposing the
boundary condition ψ(R) = 0 we find the spectrum of
the problem. For large kFR the surface states spectrum
below the gap is given by
+j '
∆
kFR
(j + 1/2). (B9)
Analogously, negative energy eigenstates are found for
the choice κ = −j − 1/2, le = ` − 1, and lh = `, so that
we can write f(r) = Aj`−1(kr) and g(r) = Bj`(kr), with
` = 1, 2, . . . and find the subgap spectrum
−j ' −
∆
kFR
(j + 1/2). (B10)
For every j we have 2j + 1 degenerate states labelled
by jz. The spectrum is shown in Fig. 2a) of the Main
text, and it is consistent with the generic spectrum of
the Dirac equation on the surface of a sphere46,47. We
see that the spectrum is gapped by an amount 4∆/kFR,
as a result of the finite size of the system and that the
gap does not depend exponentially on the size of the sys-
tem, contrary to the case of the planar geometry, but
only algebraically. It can be shown that the origin of the
gapped spectrum is the spin connection that appears in
the surface Hamiltonian on a curved surface.
Appendix C: Coupling to the magnetic field
We now study the full coupling of the Majorana modes
localized at the surface of a sphere of radius R to the
external field, by first separately considering the orbital
and the Zeeman term, and then their joint action.
1. Orbital term
Neglecting the A2 term, and choosing the gauge A =
φˆAφ(r), the magnetic field couples via a term
Hp·A = e
m
pφAφ(r) (C1)
with pφ = − i~r sin θ∂φ. The vector potential can be cho-
sen to have the form Aφ(r) = A(r) sin θ. Due to the
spin-triplet pairing the azimuthal momentum pφ is not
a constant of motion. We write the z-component of the
angular momentum as Lz ≡ −i~∂φ = Jˆz−~sz/2, so that
we can separate the Hp·A in a term proportional to Jˆz
and a term proportional to sz,
Hp·A = e
m
Aφ(r)
r sin θ
(
Jˆz − ~
2
sz
)
. (C2)
For large jz we can neglect the term proportional to sz.
In the limit R  λ  ξ we can approximate the matrix
elements of the term proportional to Jz as〈
Ψαj,jz
∣∣∣∣ em A(r)r Jz
∣∣∣∣Ψαj,jz〉 = −jz ~22m 2piHΦ0 λR. (C3)
We thus see that the magnetic field produces a tilting of
the spectrum, in analogy with the case of the planar and
cylindrical surface. The modified spectrum at large jz is
given by
±j,jz = ±
∆
kFR
j − jz ~
2
2m
2piH
Φ0
λ
R
, (C4)
The energy of the states with jz > 0 is lowered, while the
energy of the states with jz < 0 is raised. The threshold
field is then given by
H∗ =
Φ0
2pi
2
λξ
. (C5)
that is consistent with the results of planar and a cylin-
drical geometry.
For small values of jz the contribution proportional to
sz becomes important. The spin operator sz does not
commute with the operator Kˆ = τz(s · Lˆ + ~), so that
it will in general couple states at positive energy with
states at negative energy. Furthermore, since sz is even
under parity it can only couple states differing by an odd
number of angular momentum quanta. In particular, we
find that sz has finite matrix elements between states of
positive energy and quantum numbers (j, jz), and states
of negative energy with quantum numbers (j ± 1, jz).
Assuming that in the limit ξ/λ  1 the field does
not substantially vary in the region R − ξ < r < R,
where the radial integral takes its largest contribution
due to the localization of the Majorana wavefunction, it
can be taken outside the integral and the relevant matrix
elements amount to
〈Ψ+j,jz |sz|Ψ−j±1,jz 〉 = −
√
(j + 1/2± 1/2)2 − j2z
j + 1/2± 1/2 , (C6)
providing a finite coupling between positive and negative
energy states that increases the gap in the spectrum.
2. Zeeman term
We now consider the action of the Zeeman term. In
the spherical geometry its surface contribution reads
HZ = gµB
3H
2
[
sin θ θˆ − λ
2R
cos θ rˆ
]
· s. (C7)
Making use of the identity
rˆ · s
∣∣∣Yjzj,j±1/2〉 = − ∣∣∣Yjzj,j∓1/2〉 , (C8)
together with {θˆ · s, rˆ · s} = 0 we see that the matrix ele-
ment of the polar spin component θˆ ·s are approximately
zero. More precisely one has
8〈
Ψ+j,jz
∣∣ sin θ θˆ · s ∣∣∣Ψ−j′.j′z〉 = δjz,j′z ∫ R
0
drr2(f+j (r)
∗f−j′ (r)− g+j (r)∗g−j′ (r))
[
c0j,jzδj,j′ + c
+
j,jz
δj′,j+2 + c
−
j,jz
δj′,j−2
]
.(C9)
In fact, although the angular integral has non-zero matrix
elements for j′ = j and j′ = j ± 2, the radial integral is
strongly suppressed. It follows that this component has
no effect on the Majorana modes, that are found to be
insensitive to in-plane fields.
Close to the poles, the field points about the radial
direction, that is orthogonal to the surface and fully cou-
ples to the Majorana modes. Its magnitude is weakened
by a factor λ/R, that makes it comparable to the or-
bital term proportional to sz. Furthermore, the angular
matrix elements of the relevant part of the orbital and
Zeeman terms are the same and an assessment of their
relative sign and magnitude becomes crucial.
3. Orbital and Zeeman term
The full coupling with the magnetic field is written as
HB =
e
m
Aφ(r)pφ + g
∗µBB(r) · s, (C10)
where g∗ = g/2 is the ratio between the material g-factor
and the bare electron’s one. Recalling that Aφ(r) =
A(r) sin θ, pφ = −i~∂r/(r sin θ), −i∂r = jz − sz/2, and
µB = e~/(2m) we have
HB =
e~A(r)
mr
jz − µB
(
A(r)
r
sz − g∗B(r) · s
)
(C11)
=
e~A(r)
mr
jz − g∗µBA(r)
r
(
1 +
A′(r)r
A(r)
)
sin θ θˆ · s
− µBA(r)
r
(sz − 2g∗ cos θ rˆ · s) . (C12)
In the first line of the second equation we recognize the
tilting term and the parallel-to-the-surface polar term.
The relevant part of the magnetic field that has non van-
ishing matrix elements between positive and negative en-
ergy states is given by the third term. We are then left
with the calculation of the matrix elements of
Mj,j′ = −µB 3Hλ
2R
〈
Ψ+j,jz |sz − 2g∗ cos θ rˆ · s|Ψ−j′,jz
〉
.
(C13)
Both the terms sz and cos θ rˆ ·s are even under parity, so
that j and j′ has to differ by a unit of angular momentum.
Defining
uj,j′ =
∫ R
0
drr2f+j (r)
∗f−j′ (r), (C14)
vj,j′ =
∫ R
0
drr2g+j (r)
∗g−j′ (r) (C15)
where we extended the radial integral to the entire r < R
region, we have
〈
Ψ+j,jz |sz|Ψ−j′.jz
〉
= uj,j′
∫
dΩ
(
Yjzj,j+1/2
)∗
sz Yjzj′,j′−1/2 + vj,j′
∫
dΩ
(
Yjzj,j−1/2
)∗
sz Yjzj′,j′+1/2, (C16)
= −uj,j′
√
(j + 1)2 − j2z
j + 1
δj′,j+1 − vj,j′
√
(j′ + 1)2 − j2z
j′ + 1
δj′+1,j (C17)〈
Ψ+j,jz |cos θ rˆ · s|Ψ−j′.j′z
〉
= −(uj,j′ + vj,j)
∫
dΩ cos θ
(
Yjzj,j+1/2
)∗
Yjzj′,j′+1/2 (C18)
= −uj,j′ + vj,j′
2
[√
(j + 1)2 − j2z
j + 1
δj′,j+1 +
√
(j′ + 1)2 − j2z
j′ + 1
δj′+1,j
]
(C19)
Approximating uj,j−1 ' vj,j+1 ' 1/2, we see that the
orbital term is completely canceled by part of the Zeeman
term and the relevant matrix elements amount to
〈Ψj,jz |HB |Ψj±1,jz 〉 = g˜µB
3Hλ
2R
√
(j + 1/2± 1/2)2 − j2z
j + 1/2± 1/2 .
(C20)
with g˜ = g∗ − 1/2. It follows that the two terms do
9not cancel completely and that a relevant perturbation
results from the combined action of the two terms, pro-
viding a relevant perturbation to the Majorana modes.
Appendix D: Eigenfunctions of the Surface Dirac
operator
Here we provide the eigenfunctions of the 2D Dirac
operator of the surface of the sphere. For simplicity we
set velocity to one v∆ = 1. The Dirac operator is given
by Eq. (13) in the main text and we repeat it here for
convenience. Redefining the Pauli matrices appearing in
the main text as (sx, sy, sz) → (−σy, σx, σz) the Dirac
operator reads
H = −iσx
(
∂θ +
cot θ
2
)
− i σy
sin θ
∂φ. (D1)
The eigenfunctions are provided in Ref.48 and we refer to
that reference for details and conventions. The Dirac op-
erator on the sphere S2 is invariant under transformation
of the SU(2) group, whose generators are given by
Lˆz = −i∂φ, (D2)
Lˆ+ = e
iφ
(
∂θ + i cot θ ∂φ +
σz
2 sin θ
)
, (D3)
Lˆ− = eiφ
(
∂θ − i cot θ ∂φ − σz
2 sin θ
)
, (D4)
that satisfy standard commutation rules of the SU(2) al-
gebra, [Lˆz, Lˆ+] = Lˆ+, [Lˆz, Lˆ−] = −Lˆ−, [Lˆ+, Lˆ−] = 2Lˆz.
The Casimir operator Lˆ2 takes eigenvalues l(l+ 1), with
half-integer l = 1/2, 3/2, . . .. Eigenstates can be labeled
by the quantum number l and m, with m = −l, . . . , l
eigenvalue of Lˆz. The eigenfunctions of the Dirac opera-
tor are specified by integer eigenvalues
λ = ±(l + 1/2). (D5)
We then introduce integers l± = l ± 1/2 and m± = m±
1/2 and write the eigenfunctions as (x = cos θ)
Υ±lm(x, φ) = i
l
+(−1)
1
2 (m−+|m−|)
√
(l +m)!(l −m)!
2|m|+1/2Γ(l+)
eimφ√
2pi
( √
ρ(|m−|,|m+|)(x)P (|m−|,|m+|)l−|m| (x)
sign(mλ)
√
ρ(|m+|,|m−|)(x)P (|m+|,|m−|)l−|m| (x)
)
, (D6)
where ρ(α,β)(x) = (1−x)α(1 +x)β is the weight function
for the Jacobi polynomials P (α,β)49. The eigenstates are
normalized as 〈Υσlm|Υσ
′
l′m′〉 = δσ,σ′δl,l′δm,m′ .
1. Matrix elements of the spin connection
We now have all the elements to calculate the matrix
elements of the spin connection
Γφ = −iσz
2
cos θ. (D7)
The matrix elements can be obtained via application of
the fundamental identity49
2(n+ 1)(n+ α+ β + 1)(2n+ α+ β)P
(α,β)
n+1 (x)
=
[
(2n+ α+ β)(2n+ α+ β + 2)x+ α2 − β2]
× (2n+ α+ β + 1)P (α,β)n (x)
− 2(n+ α)(n+ β)(2n+ α+ β + 2)P (α,β)n−1 (x). (D8)
Together with the matrix elements provided in the Main
text it is possible to show that
〈Υσlm|xσz|Υσl′m′〉 = δmm′δl′,l
m
2l(l + 1)
, (D9)
that slightly corrects the tilting term.
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